An analytical and concise formula is derived for the fractional Fourier transform (FRT) of partially coherent beams that is based on the tensorial propagation formula of the cross-spectral density of partially coherent twisted anisotropic Gaussian-Schell-model (GSM) beams. The corresponding tensor ABCD law performing the FRT is obtained. The connections between the FRT formula and the generalized diffraction integral formulas for partially coherent beams passing through aligned optical systems and misaligned optical systems are discussed. With use of the derived formula, the transformation and spectrum properties of partially coherent GSM beams in the FRT plane are studied in detail. The results show that the fractional order of the FRT has strong effects on the transformation properties and the spectrum properties of partially coherent GSM beams. Our method provides a simple and convenient way to study the FRT of twisted anisotropic GSM beams.
INTRODUCTION
The concept fractional Fourier transform (FRT) proposed by Namias is the generalization of the conventional Fourier transform. 1 McBride and Kerr developed Namias's definition and made it more rigorous. 2 Ozaktas, Mendlovic, and Lohmann introduced the FRT into optics and designed optical systems to achieve the FRT. [3] [4] [5] [6] The connections between Fresnel diffraction and the FRT 7 and between the Collins formula and the FRT 8 have been discussed. The FRT has been used widely in signal processing, [9] [10] [11] beam shaping, 12 beam analysis, 1, 13 etc. Recently the discrete FRT, 14 the scaled FRT, 15 the fractional Hilbert transform, 16 the Fractional Hankel transform, 17 and multifractional correlation 18 have also been defined.
Up to now, however, most efforts have been concentrated on deterministic light fields; i.e., the light beam was regarded as completely coherent. Only a few studies have been done on the fractional transform of the partially coherent beams based on the mutual intensity distribution [19] [20] [21] [22] and the Wigner distribution function. [23] [24] [25] In fact, partially coherent beams are applied widely in practice, such as in improving the uniformity of intensity distribution in inertial confinement fusion 26 and in reduction of noise in photography. 27 Therefore it is of practical significance to study the FRT of partially coherent beams. Ever since the introduction of partially coherent twisted anisotropic Gaussian Schell-model (GSM) beams by Simon and Mukunda, 28 many studies have been done on the propagation and transformation properties of twisted anisotropic GSM beams by use of the Wigner distribution function. [29] [30] [31] [32] [33] But this is an indirect method. More directly, partially coherent beams can be described in terms of their cross-spectral density. Recently we introduced a new tensor method to treat the propagation and transformation of partially coherent twisted anisotropic GSM beams based on the cross-spectral density. 34 In the present study, the tensor method is used to apply the FRT to partially coherent twisted anisotropic GSM beams and is based directly on the cross-spectral density. The relations between the FRT formula and the generalized diffraction integral formulas for partially coherent beams passing through aligned optical systems and misaligned optical systems are discussed in detail as are the effects of the fractional order on transformation and spectrum properties in the fractional Fourier plane.
THEORY
The two types of optical system for performing the FRT are shown in Fig. 1 . Assume a stationary quasimonochromatic source field E(r). The FRT of E(r) achieved by the optical system as shown in Fig. 1 is given by 3, 35 
where r and u are the position vectors in the input plane and in the fractional Fourier plane, respectively. ϭ 2c/ is the optical wavelength, is the angular frequency, and c is the velocity of light in vacuum. The fractional order of the FRT is given by p ϭ 2/. When p ϭ 4n ϩ 1, n being any integer, the FRT goes back to being the conventional Fourier transform. In Eq.
(1), a fac-tor 1/(if sin ) in front of the integral ensures energy conservation after FRT transform. Assume that the optical fields at the two arbitrary points r 1 and r 2 in the input plane are E o (r 1 ) and E o (r 2 ) and that the optical fields at the two arbitrary points u 1 and u 2 in the FRT plane are E p (u 1 ) and E p (u 2 ), respectively. The cross-spectral density in the input plane, W o (r), and that in the FRT plane, W p (ũ ), are defined by
where the angular brackets denote an ensemble average,
. Substituting Eq. (1) into Eq. (2), we get the relation between the cross-spectral density of a partially coherent beam in the FRT plane and one in the input plane, as follows:
After rearrangement, Eq. (3) can be expressed in tensor form as follows,
where
is a 1 ϫ 8 matrix and N is a 8 ϫ 8 matrix given by
N 11 and N 12 are all 4 ϫ 4 diagonal matrices given by
where I is a 2 ϫ 2 unit matrix. Equation (4) is applicable for the FRT of any kind of partially coherent beams. Now we will use Eq. (4) to study the FRT of partially coherent twisted anisotropic GSM beams. The cross-spectral density of the most general partially coherent twisted anisotropic GSM beam can be expressed in tensor form as follows 34 :
where M i Ϫ1 is a 4 ϫ 4 matrix called a partially coherent complex-curvature tensor; it takes the form where I 2 is a transverse spot-width matrix, g 2 is a transverse coherence-width matrix, R Ϫ1 is a wave-frontcurvature matrix, and is a scalar real-valued twist factor. I 2 , g 2 , and R Ϫ1 are all 2 ϫ 2 matrices with transpose symmetry, given by
and J is a transpose antisymmetry matrix given by
Substituting Eq. (7) into Eq. (4), after vector integration we obtain 
To simplify Eq. (11), we introduce four matrices, Ā , B , C , and D , which take the following forms:
Ā , B , C , and D are the submatrices of the optical system that is performing the FRT. We find that they satisfy Ā ϭ D , ϪfC ϭ B /f. Substituting Eq. (12) into Eq. (11), we get
M i Ϫ1 and M p Ϫ1 are the partially coherent complexcurvature tensors in the input and the FRT planes, respectively. Equation (14) may be called the tensor ABCD law for partially coherent twisted anisotropic GSM beams passing through a FRT optical system. Equations (13) and (14) provide powerful tools for treating the FRTs of partially coherent twisted anisotropic GSM beams.
CONNECTIONS BETWEEN THE FRT FORMULA AND THE GENERALIZED DIFFRACTION INTEGRAL FORMULAS FOR PARTIALLY COHERENT BEAMS
Since Collins derived a diffraction integral formula for a complicated optical system based on the ray-transfermatrix method, 36 now known as the Collins formula, his formula has been used widely to treat the transformation and propagation of many kinds of laser beams through optical systems. The Collins formula was extended to axially nonsymmetrical optical systems by use of tensor algebra. 37 The generalized diffraction integral formula for coherent beams propagating through misaligned optical systems was also derived. 38 The connections between Fresnel diffraction and the FRT 7 and the Collins formula and the FRT 8 for coherent beams have previously been discussed. In this section we discuss the connections between the FRT and the generalized diffraction integral formulas for partially coherent beams propagating through aligned optical systems and misaligned optical systems.
From Eq. (12) we get
Substituting Eq. (15) into Eq. (4), we have
where Ā , B , C , and D are the submatrices in the FRT system given by Eq. (12) . Equation (16) is in the same form as the generalized Collins formula for partially coherent beams. 34 Therefore Eq. (15) is the condition for an aligned optical system to perform FRT. Any aligned optical system whose transfer matrices satisfy Eq. (15) can implement the FRT for partially coherent beams. Now we discuss the relation between the FRT formula and the generalized diffraction integral formula for partially coherent beams propagating through misaligned optical systems. Let us consider a misaligned optical system with multiple elements, as shown in Fig. 2 . The misaligned optical system can be characterized by the 4 ϫ 4 augmented matrix; S 1 and S 2 represent the input and output reference plane, respectively. The generalized diffraction integral formula for a coherent beam propagating through misaligned optical systems is given by In Eq. (17) the phase factor exp(ikl 0 ) along the axis between the two reference planes has been omitted, and a, b, c, and d are the transfer-matrix elements of an aligned optical system. The parameters e, f, g, and h take the following form:
where x , x Ј , y , and y Ј denote the two-dimensional misalignment parameters; x and y are the displacement elements in the x and y directions, respectively; and x Ј and y Ј are the tilting angles of the element in x and y directions respectively. ␣ T , ␤ T , ␥ T and ␦ T represent the misaligned matrix elements determined by
where l is the axial distance from the input plane and the output plane. For forward-going optical elements, ␦ T is chosen for the plus sign; for backward-going ones, ␦ T is chosen for the minus sign. Equation (17) can be rearranged into a more compact form by using the tensor method as follows,
where r 1 T ϭ ͓x 1 y 1 ͔; r 2 T ϭ ͓x 2 y 2 ͔; e f ϭ ͓e f ͔; g h ϭ ͓ g h͔; and A, B, C, and D take the following form:
By using the variable transformation 1e ϭ 1 Ϫ 1 2 e f , Eq. (23) can be transformed into the following form:
Assume that the optical fields at the two arbitrary points r 1 , r 2 in the incident plane are E(r 1 ), E(r 2 ) and that the optical fields at the two arbitrary points 1 , 2 in the output plane are E( 1 ), E( 2 ), respectively. Then the cross-spectral density in the incident and output planes will be
where the angle brackets denote the ensemble average,
Using Eq. (25), we can get the propagation formula for the cross-spectral density of partially coherent beams through misaligned optical systems as follows, (27) where
and Ā , B , C , and D are defined as
Similarly, by using the variable transformation
2 ē f , we can transform Eq. (27) into the following form:
By comparing Eq. (16) 
If we assume that Ā , B , C , and D in Eq. (30) satisfy Eq. (12), then the generalized diffraction integral formula for partially coherent beams through misaligned optical systems can be described in the form of the FRT formula. But compared with the case of an aligned optical system, the cross-spectral density of a partially coherent beam passing through a misaligned optical system for performing the FRT has a displacement,
BEAM PROPERTIES IN THE FRACTIONAL FOURIER TRANSFORM PLANE
In this section we study the transformation properties of partially coherent twisted anisotropic GSM beams in the FRT plane by using the formulas derived in Section 2. Assume that the cross-spectral density and the corresponding partially coherent complex-curvature tensor in the input plane take the form of Eq. (7) and Eq. (8), respectively. Applying Eq. (8) and Eqs. (12)- (14), we can easily study the transformation properties of twisted anisotropic GSM beams in the FRT plane under different beam parameters and optical system parameters. Figure 3 shows contour graphs of the intensity distributions of the twisted anisotropic GSM beam in the FRT plane with different fractional orders. The initial parameters used in the calculation are ϭ 0.00001 mm Ϫ1 , f ϭ 2000 mm.
From Fig. 3 we can we can find that the fractional order of the FRT system has strong effects on the intensity distribution of twisted anisotropic GSM beams in the FRT plane. The ratio between the long axis and the short axis of GSM beams varies with change of the fractional order.
As shown in Fig. 3(b) , the intensity distribution in the FRT plane evolves to circles when the fractional order is properly chosen. What is more, we can also see that the orientation of the beam spot varies with changes of the fractional order. Figure 4 shows the dependence of the transverse spotwidth matrix element I11 
From Fig. 4 we can find that the transverse spot width in the FRT plane is closely related to the fractional order of the FRT system. The evolution of the transverse spotwidth matrix element I11 2 along with the fractional order p is periodic, with period 2. When p ϭ 2n ϩ 1, the transverse spot-width matrix element I11 2 has a minimum value, and when p ϭ 2n, it has a maximum value. From Fig. 4 we can also find that the transverse spot width in the FRT plane is closely related to the transverse coherence width. When p ϭ 2n, the GSM beam has the same transverse spot width for different transverse coherence widths, and when p 2n, it decreases with increase of the transverse coherence-width matrix element g11 2 . Why is the beam spot width of a partially coherent beam with higher degree of coherence more focusable in the FRT plane? The physics underlying this phenomenon is that the function of a lens is to change the phase of wave front of the beam. The phase of a lens is fixed or fully correlated. The phases of different parts of the partially coherent beam, however, are partially correlated, so the wave front of a partially coherent beam cannot be fully matched by the phase of a lens. This mismatch is less serious for a beam with higher coherence. Therefore the beam with higher coherence is more focusable in the FRT plane.
To illustrate the relations between transverse coherence width that makes the distribution in the FRT plane more focusable and the fractional order p, we calculate the dependence of the transverse coherence-width matrix element g11 2 of the twisted anisotropic GSM beam on the fractional order p in the FRT plane, as shown in Fig. 5 . The initial parameters used in the calculation are
From Fig. 5 we can find that the evolution of the transverse coherence-width matrix element g11 2 along with the fractional order p is also periodic, with period 2. When p ϭ 2n ϩ 1, the transverse coherence-width element g11 2 has a minimum value; when p ϭ 2n, it has a maximum value.
SPECTRUM PROPERTIES IN THE FRACTIONAL FOURIER TRANSFORM PLANE
Since Wolf first revealed that a partially coherent light beam undergoes spectral shift during its propagation in free space, 39, 40 this phenomenon has become an attractive topic in optics, both theoretically 41, 42 and experimentally. 43, 44 Recently Palma et al. studied the spectral changes in Gaussian-cavity lasers and the spectral shift of a GSM beam beyond a thin lens. 45, 46 The phenomenon of spectral switch of a partially coherent beam has been studied in detail both theoretically and experimentally. [47] [48] [49] However, up to now, most studies have been restricted to the spectrum properties of GSM beams, because there has been a lack of convenient methods to study the spectrum properties of twisted anisotropic GSM beams. Recently the spectrum properties of twisted anisotropic GSM beams propagating in free space 50 in dispersive and absorbing media have been studied in detail by using the newly introduced tensor method. 51 In this section we study the spectrum properties of partially coherent twisted anisotropic GSM beams in the FRT plane.
The spectrum of a twisted anisotropic GSM can be obtained by setting u 1 ϭ u 2 in Eq. (13), i.e.,
Let us assume that the initial spectrum S 0 () is of the Lorentz type, i.e.,
where S 0 is a constant, 0 is the central frequency of the initial spectrum, and ␦ is the half-width at half-maximum of the initial spectrum. In the following, the initial parameters used in the calculations are 0 ϭ 3.2 ϫ 10 15 s Ϫ1 , ␦ ϭ 0.6 ϫ 10 15 s Ϫ1 , S 0 ϭ 1. Assume that the cross-spectral density and the corresponding partially coherent complex-curvature tensor in the input plane take the form of Eq. (7) and Eq. (8), respectively. Then applying Eqs. (12)- (14) and Eqs. (31) and (32), we can obtain the normalized on-axis spectrum of the twisted anisotropic GSM beam in the FRT plane with different fractional orders p. The results are shown in Fig. 6 . The initial parameters used in the calculation are
From Fig. 6 we can find that the shape of the normalized on-axis spectrum of twisted anisotropic GSM beams in the FRT plane is similar to that of the source spectrum, but its peak position is blueshifted, and the spectral shift varies with the fractional order p. The phenomenon of spectral changes of the partially coherent beam in propagation is the so-called Wolf effect. The Wolf effect is caused by the correlations between the source fluctuations within the source region and is closely related to the spatial-coherence properties of source. 39 To learn more about the effects of the fractional order on the spectral shift in the FRT plane, we will study the relative central-frequency shift of the beam during propagation. Assume that m is the central frequency of the spectrum in the FRT plane; then the relative central frequency shift can be expressed by
(33) Figure 7 shows the dependence of the on-axis relative central-frequency shift of GSM beams with different transverse coherence-width matrix elements g11 2 on the fractional order p in the FRT plane. The parameters used in the calculations take the same value as those used in Fig. 6. From Fig. 7 we can find that the dependence of relative central-frequency shift along with the fractional order p is periodic, with period 2. When p ϭ 2n ϩ 1, the relative central-frequency shift has a maximum value, and when p ϭ 2n, it has a minimum value of zero. We can also find from Fig. 7 that the relative central-frequency shift is closely related to the transverse-coherence width. With increase of transverse coherence-width matrix element g11 2 , the relativefrequency shift decreases. This implies that for higher degrees of coherence of the twisted anisotropic GSM beams, the relative-frequency shift is smaller. The derived result is in accordance with the results reported in Refs. 44 and 46, where the effects of spatial coherence on the Wolf effect are analyzed in detail.
Next we discuss the off-axis spectral shift of twisted anisotropic GSM beams in the FRT plane and the effects of the fractional order on the off-axis spectral shift. The relative-frequency shift versus the transverse coordinate y p with different fractional orders in the FRT plane is shown in Fig. 8 . The initial parameters used in the calculation are ϭ0.00001 mm
x p ϭ 0.
From Fig. 8 we can find that the relative centralfrequency shift for on-axis and off-axis points are different. With increase of transverse coordinate y p , the relative central-frequency shift decreases, and the spectral shift changes from blueshift to redshift. We can also find that the decreasing speed of the relative-frequency shift along with the transverse coordinate varies with the changes of fractional order p. For a certain value of the transverse coordinate, the spectral shift is zero. The derived result is in accordance with that found for the case of partially coherent GSM beam beyond a thin lens. 46 From what has been discussed above, we can easily conclude that we can conveniently control the intensity distribution, the elliptical beam's spot area and its orientation, and the spectrum properties of partially coherent twisted anisotropic GSM beams in the FRT plane by properly choosing the fractional order of the FRT system and the initial beam parameters. The derived results will have applications in material thermal processing by laser beams, where special intensity distribution is required.
CONCLUSIONS
In conclusion, the fractional Fourier transform for partially coherent twisted anisotropic GSM beams was analyzed by using the tensor method. An analytical formula was derived for the cross-spectral density of partially coherent twisted anisotropic GSM beams passing through FRT systems. The relationships between the FRT formula and the generalized diffraction integral formulas for partially coherent beams were discussed. The derived formulas provide powerful tools for analyzing and calculating the FRT of partially coherent twisted anisotropic GSM beams. The derived formulas were used to study in detail the intensity properties and the spectrum properties of twisted anisotropic GSM beams in the FRT plane. The results show that the intensity and the spectrum properties of partially coherent beams are closely related to the parameters of the FRT system and the initial beam parameters. We can conveniently manipulate the intensity distribution and the spectrum properties by properly choosing these parameters.
